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Abstract 
Isometric embeddings of Euclidean into Banach spaces are related to cubature formulae and 
to designs in Euclidean spaces. This main theorem, due to Reznick and to Lyubich and 
Vaserstein, brings together objects from various mathematical disciplines. The present paper 
exposes the main theorem, and surveys these objects and their relations. 
1. Introduction 
We are interested in configurations consisting of n points in Euclidean m-space [w”‘, 
that satisfy certain regularity properties of a combinatorial nature. Good examples 
are provided by the spherical t-designs, which were introduced in [S] by analogy to 
the t-(L:, k, A) designs. The definitions allow generalizations such as Euclidean t-designs 
and t-wise balanced designs, which have several underlying concentric spheres, and 
several blocksizes, respectively [22]. The knowledge about these generalizations is 
much smaller than that about the original notions. Therefore, the recent results about 
(linear) isometric embeddings F : IRY -+rWi of Euclidean into Banach spaces (dimen- 
sions m <II, norms 2 <q even, respectively) are important (see Reznick [20] and, 
independently, Lyubich and Vaserstein [16]). Indeed, they prove that, essentially, 
there are one-to-one correspondences between 
(i) isometric F: rWy + Rf (the least such n); 
(ii) Euclidean designs of index q with n nodes in IW’“; 
(iii) cubature formulae of index q with n nodes for S”-l c [Wm. 
Thus, interrelations exist between the following objects: 
(functional analysis) isometric embeddings F: rW7 + Ri; 
(number theory) representations of (~:x’)“‘” as a sum of qth powers of linear 
forms; 
(numerical analysis) cubature formulae for the unit sphere S c rW;l; 
(combinatorics) spherical and t-(v, k, 2) designs, and generalizations; 
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(geometry) combinatorial configurations; 
(algebra) the orthogonal group, homogeneous subgroups, and rigid designs; 
(statistics) optimal experimental designs. 
In the present paper we expose these objects and their relations, and we survey what 
is known about them. We expect further developments in this area of Discrete 
Mathematics in the near future. 
Section 2 brings an elementary introduction to isometric embeddings. Essentially, 
this amounts to the finite dimensional, s=O case of Dvoretzky’s theorem [7], which 
states that infinite-dimensional Banach space has subspaces which are almost isomet- 
ric to Euclidean m-space, for all m. The main theorem is introduced and proved in 
Section 3. Its interpretation in terms of cubature formulae is immediate. The design 
aspect requires in Section 4 the interpretation of a design as an approximation, in 
various disguises. The progress in the knowledge about spherical t-designs is surveyed 
in Section 5, which also mentions the group case, and rigidity for embeddings and 
designs. The final Section 6 deals with multispherical designs in R”, in generalizing 
order: eutactic stars (of index or strength 2), Euclidean r-designs (and their Fisher-type 
inequalities), and measures of strength t (with applications to optimal designs in 
statistics). 
In the present paper we do not enter generalizations of r-designs for spaces over the 
complex numbers, the quaternions, the octaves, more generally, for Delsarte spaces 
[ 171. For such designs we refer to [ 121. 
2. Isometric embeddings 
Let 
F:=R”+R”: xwy=Fx 
denote a linear map of real m-space into real n-space. By use of the standard inner 
product (. , .) the vectors x and y are expressed by their coordinates with respect to the 
standard bases {e,: 1 dp<rn} of R”, and (fy: 1 bvbn} of R”, as follows: 
x,=(x> e,); ~v=(~>.fv)=(F~>_fi)=(~, F’fy)=: b, r,). 
The frame {rl, rZ, . . . , rn} of the linear map consists of the rows of the standard 
matrix F. We take q an even integer, m<n, and we introduce the norms 
IIxll~:=~ and IIYII,:=~ i Iyvlq, 
J v=l 
for xe[wy and y~[w%, respectively. Then we require the linear map F to be 
isometric, i.e. 
/I x /12= 11 Fx II4 for all x~Iw7. 
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In terms of coordinates, the condition for an isometric embedding reads 
n 
(x, x)~/*= 1 (x, rv)q for x~iwy. 
We will be interested in the number N(m, q) , defined to be the least n such that there 
exists a linear isometric map Iwy + rWi. Here are four preliminary examples for N(m, q) 
and isometric embeddings, followed by references and historical data. 
(l/*)q+ 1 
N(2, q)=&+ 1: [W+py)q+1: (x*+yz)q’*= c (a,x+h,y)q, (1) 
where +(a,, b,) are the vertices of a regular (q +2)-gon in rWf. 
6 
N(3,4)=6: rW:-+rW:: (x*+y*+z*)*= 1 (avx+6yy+c,z)4, (2) 
V=l 
where -t(a,, b,, c,) are the 12 vertices of a regular icosahedron in rW:. 
N(4,4)=11; @+rw i’: 24(x,x)*= i (2x,)+~(~lfx2tx,fx4)~, (3) 
V=l 
where the 2(4 + 8) row vectors +_I-, are the vertices of the regular polytope (3,4,3} in 
4-space (this is not the set of minimal cardinality, cf. below). 
constructed from the 2(2s*) vectors of minimum norm #O of the Leech lattice in 
24-space. 
These examples illustrate the relations between isometric embeddings [wy+BBl and 
certain geometric configurations in rWr;l. The statements and their proofs appear in two 
independent recent publications by Reznick [20], and by Lyubich and Vaserstein 
[16]. Thus, N(2, q)=iq+ 1 is the content of Theorem 2.2 [16] and of Theorem 5.1 of 
[20]. But Kiinig [14] observes that this is the integration formula of Gauss and 
Chebyshev [4, Section 2.7.13, p. 98-J. For N(3,4)= 6, Reznick’s proof is based on two 
results from 1948: a quadrature formula for the sphere in 3-space by Ljusternik and 
Ditkin, and a characterization of the icosahedron by Haantjes. The embedding 
iw:-+iw~’ goes back to Liouville in 1859; the set of 11 points on two concentric spheres 
in 4-space, which establishes N(4,4)= 11, is in formula 9.27 of [20]. The final example 
N(24,10)=98,280 appears in both [20] and [16], as a consequence of the main 
theorem in the next section. The actual existence of the isometric embedding F refer- 
red to above, follows from the key lemma in Hilbert’s solution (1909) of the classical 
problem of Waring (1770), cf. [S]. 
284 J.J. Seidell Discrete Mathematics 136 f1994) 281-293 
3. The main theorem 
The main theorem brings the connection between isometric embeddings, as intro- 
duced in Section 2, and combinatorial notions such as cubature formulae and designs. 
-As a preparation we recall certain notions and formulae. 
Let Hom,(R”) denote the real homogeneous polynomials in M variables of total 
degree q. It is well-known [26] that this is a linear space of dimension 
, 
and that a positive-definite symmetric inner product is provided by the scalar 
(a, b) =a(a)b(x) for a, b~Hom,(lP). (6) 
Here a(a) denotes the differential operator corresponding to the polynomial 
a(x), which is applied to b(x) of the same degree. As an example we notice the formula 
of Taylor for polynomials: 
(a(x), (r, x)q)=a(r) for aEHom,(R”), r~&‘. (7) 
Finally, we need a lemma due to Hilbert about integration over the unit sphere 
S=Sm-1 C [wm: 
s s(x, u)‘do(u)=y(x, ~)q’~, y= 1.3.5 **‘(q-l) m(m+2) .-*(m+q-2)’ 
for x~[wT. Indeed, write x= 11 x /I S, SES, and observe that the integral depends on 11 x 11, 
not on s E S, and calculate 
s (el, u)” do(u)= u;drr(u)=y. s s S 
Now we are ready for the statement and the proof of the main theorem. We shall 
show that the existence of an isometric embedding @‘+ &, with n=N(m, q), is 
equivalent to the existence of a cubature formula of index q. This formula expresses 
the integral of any polynomial of degree q over the unit sphere S 1 l&’ as the finite sum 
of the values of the polynomial at the vectors of the corresponding frame. 
Theorem. Isometric embeddings R$‘- Ri, n = N(m, q), coexist with cubuture formulae of 
index q for S c US?: 
(x,x)~‘* = i (x, rJq, VXER”, 
V=l 
ifs 
s 
u(u)d+)=y i u(r,), Vu~Hom,(R”). 
S v=l 
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Proof. We use the formulae of Taylor (3) and of Hilbert (4) : 
(a(x), (u, x)‘r)dcr(u)=~(a(x), (x, x)“‘). 
Hence isometric embedding implies the cubature formula. Also the converse holds, 
since n =N(m, q) implies that the frame {rl, . . . , r,) is reduced (does not contain 
collinear pairs of vectors). 0 
Remark. The vectors of the frame of an isometric embedding need not have equal 
length in l&‘. In general they fall into several spheres rS of different radii, all concentric 
with the unit sphere S. In the next section we phrase this in terms of the notion of 
a design. 
4. Designs and approximation 
Essentially, designs deal with the approximation of a set Z by a (nice) subset X, 
following 
Avep=Ave p, VPET. 
X z 
This means that the average over the elements of X equals the average over the 
elements of Z, for all test functions from a specific family T. This refers to spherical 
designs (approximating the set of all unit vectors), orthogonal arrays (approximating 
the set of all (0,l) vectors), t-(u, k, A) designs (approximating all (0,l) vectors of 
weight k), and in general to cubature formulae for the approximation of integrals 
over Z. 
For the test-functions Tone can think of the following spaces of functions, whose 
definitions we hereby recall: 
(i) the homogeneous polynomials Hom,(R”) in m variables of degree q, 
(ii) the harmonic polynomials Harm,(R”) (homogeneous, annuled by the Laplace 
operator), 
(iii) the polynomials Pol,(R”) in m variables of degree <t, 
(iv) the polynomials Pal,(S) , restricted to the unit sphere S c R*, 
(v) the square-free polynomials Pol”‘(2”) in m variables xiE{O, l}, iE V= 
{1,2, . . ..m). of degree dt (generated by ~,(~)x,(~)...x~(,,,a~SyrnV). 
From classical spherical harmonics [26] we recall the formulae 
Hom,(R”)=Harm,(R”) 0 (x, x)Hom,-,(R”). 
Pal,(S) = Harm,(S) 0 Harm,- r (S) 0 ... 0 Harm,(S) @ Harm,(S), 
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(each polynomial of degree <q on the sphere is a sum of harmonic polynomials of 
degrees 0, 1, . . . , q on the sphere). 
Now we define four examples of this situation, which leads to cubature formulae as 
mentioned in Section 3. 
(1) A spherical design of index t is a finite set X CS c R” such that 
/XI-’ 1 p(x)= p(u)do(u) Vp~Horn,(S). 
EX s s 
A spherical t-design (spherical design of strength t) is a spherical design having all 
indices d t, thus holding for all PE PO&(S). Section 5 contains a discussion of spherical 
t-designs. They are the spherical analogues of the following t-designs, which play such 
an important role in finite combinatorics. 
(2) A t - (0, k, A) design is a collection 
XC 
V 0 k 
of k-subsets (blocks) of a v-set V, such that each t-subset of V is in 1 of X. By 
representing each block by use of an XE{O, l>‘, IYE lxi= k, we observe that this 
definition is equivalent to the condition 
1x1-‘Cp(x)= ; -I 
0 = 
P(X)> 
XEX 
(,‘, 
for all square-free polynomials p of degree <t(such as x,(~~x,(~) . . . x0(,), oESym V). 
Indeed, this follows by elimination from 
(3) Dropping the constancy of the block sizes in example (2) above, and allowing 
block sizes from K = { kl, k2, . . . , kp} one defines a t-wise balanced design (v, K, A) to be 
a collection Y of subsets of V of sizes EK, such that each r-subset of V is in L of Y. 
Again, this translates into an approximation [22]: 
I T’ 1 P(Y)= 1 &P(Y) vP~poCf(2v), 
YCY YES, 
where SK is the set of all blocks of size EK, and wy is some weight function. 
(4) In analogy with example (3) above, we now generalize the notion of spherical 
t-design. Instead of one sphere we consider p concentric spheres in R” with radii 
R={r1,r2, . ..) I-,>. 
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Let 
RS:= u rsR rS, 
the union of the p spheres, contain a finite set Y, with positive weights w : Y+R+. The 
finite weighted set (Y, w) is called a weighted Euclidean t-design, if it satisfies the 
following condition: 
$‘(Y)%= RsP(y)d&), 
s 
Vp~Pol,(R5), 
with the measure of the spherical support RS: 
dp(y)=w(YnrS)do(x) for y=rx, x& CR. 
We shall come back to this notion in Section 6, after having considered a mild state of 
affairs of spherical t-designs. 
5. Spherical t-designs 
We start with two examples, one traditional and basic, the other very recent and 
surprisingly overlooked. A recent survey about spherical codes and designs is men- 
tioned, as well as a theorem indicating the ubiquity of the notion. The group case 
provides a wealth of nice examples, and contributes to the function N(m,q) of 
Section 2. Finally, a word about rigidity of designs and embeddings. 
Example. The regular pentagon in [w2 is a spherical 4- design. This follows from the 
correctness for k = 1,2, 3,4, and the falsity for k = 5, of the following identity: 
1 5 
c 
2nkq 1 ‘= 
5V=,cos-=% 0 s 
cos kq dq. 
Example. Infinitely many distinct spherical 4-designs may be obtained from a regular 
icosahedron N u P u Q u S with poles N, S and planar regular pentagons P and Q as 
follows. Let P(q) denote the pentagon obtained from P by rotation cp about NS. Then 
the half-rotated polytope N u P(q) u Q u S is a spherical 4-design, for any cp, and 
a spherical j-design for cp = 0. This was discovered by Hardin and Sloane [ 111. They 
proved it by checking the conditions numerically (there is a computer-free proof by 
Blokhuis and Seidel). This belongs to the results of the general-purpose program 
GOSSET for designing experiments, by Hardin and Sloane [l 11. 
Section 3 of the chapter on discrete non-Euclidean geometry of [23] contains 
a survey of spherical codes and designs: the various definitions, the Gegenbauer 
polynomials, the upper bounds for spherical codes with inner products from an s-set, 
the lower bounds for spherical t-designs, the tight cases, and many examples. 
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In 1984 Seymour and Zaslavsky [24] proved that spherical t-designs almost always 
exist: V V V , ~ ,,>“,3 spherical r-designs of size n in [w”. The proof of this theorem is not 
constructive. Meanwhile, several results have been obtained in this area about new 
constructions as well as about the value of n, (see the works of Mimura, Bajnok [l], 
Wagner, Rabau-Bajnok, Hardin and Sloane [ll], Korevaar and Meyers [15] and of 
others). In particular, [15] shows for iw3 the existence of spherical t-designs with Ci(t3) 
points, and conjecture O(t’) points. The authors of [15] think that for [Wd the ‘right’ 
number should be about O(rd- ‘). 
The group case goes back to Sobolev [25], who used the orbits of a finite subgroup 
of the orthogonal group O(m) in [w” as finite approximating sets. Bannai [2] 
introduced the notion of a t-homogeneous subgroup r of O(m) by the property that for 
each point x of the unit sphere S c [w”’ the orbit xr is a spherical t-design. This works if 
the coefficients hi = h2 = . . . = h,=O in the Molien series of r: 
c l-A2 YEr detU+) =h,+h,L+h,P+ ... +h,A’+h,+ii’+i+ ... . 
Here hk is the dimension of the linear space of r-invariant harmonic polynomials of 
degree k [lo], 
h,=dimHarmf(IW”). 
Example. The icosahedral group A, has the Molien series 
1 +i6+13.10+ *.* ) 
hence there is a spherical 5-design for every orbit of the icosahedral group: the 
icosahedron itself, the dodecahedron, the icosidodecahedron, the football, etc. It is 
interesting to observe that a spherical 9-design is obtained as the orbit of any zero of 
the polynomial spanning Harmi5, see [lo]. 
The main theorem of Section 3 translates bounds for spherical designs, and for lines 
with few angles, into inequalities for n= N(m, q) . For instance [16] 
with E =0 in certain cases, and with E= 1 in other cases such as m2 3, 
q 2 8, (m, q) #(24,10). As a consequence, several new values have been determined in 
[16] and in [20], for instance: 
m 3 3 3 7 23 8 23 24 
4 468446 6 10 
N(m,q) 6 11 16 28 276 120 2300 98280 
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The case N(3,8)= 16 provides an easy example for 2 spheres supporting an 
icosahedron on 12 and a dodecahedron on 20 vertices, respectively, with weights in 
the ratio 25:27. [16, Section 4.10; 10, p. 2141. Thus, upper and lower bounds for 
N(m, q) were found for certain values of m and q, by considering Euclidean designs on 
several spheres, rather than spherical designs on one sphere. The last five cases come 
from sets of lines with one angle in Iw7 and in Rz3, with two angles in Rs and in R23, 
and with three angles in R24, respectively [23]. 
Finally, we mention the notion of rigidity, which has a central interest in recent 
publications. Bannai [3] called a spherical q-design in R” rigid whenever all suffi- 
ciently close spherical q-designs are equivalent under the orthogonal group O(m). He 
conjectured that, given m and t, there are finitely many rigid t-designs mod 0(m) . 
By analogy, Lyubich and Vaserstein speak of a rigid isometric embedding rWP+rWi 
whenever all sufficiently close isometric embeddings are equivalent under O(m) . In 
other terms, a frame { rl , . . . , r,} is rigid whenever there is an E>O such that frames 
{r 1, ... > r,)and{s,,..., s, } are in the same orbit of O(m) iff C: = 1 1 s, - r, I< E (for some 
ordering of the vectors). It turns out that a rigid frame has no collinear vectors, i.e. all 
polynomials (x, rv)4 are independent. The contribution of [ 161 to Bannai’s conjecture 
is that V(mV,Vn,nO 3 finitely many rigid spherical t-designs on n points, mod O(m) . 
6. Multispherical t-designs in lR” 
In Section 4, t-wise balanced t-(0, k, A) designs led us to the notion of weighted 
Euclidean t-designs in [Wm. In the present section we approach this notion via eutactic 
stars (the case 1=2), and generalize it to the measures of strength t by dropping 
finiteness, cf. [IS]. 
(1) Let G, of size n, denote a symmetric idempotent matrix, i.e. G’ = G = G2. Then 
G has the eigenvalues 1 and 0, of multiplicities m and n-m, say. We can write 
G = HH’, with H’H = I of size m. Hence G is the Gram matrix of n vectors Y in R”, 
called a Eutactic Star, since its vectors are the projections into R” of an orthonormal 
frame in a space R” which contains R” as a subspace [21]. Clearly, 
1 (x, Y)~ = trace G2 = trace G = C(y, y) = m . 
Writing x= 11 x I( U, UES, and using Hilbert’s lemma (8) of Section 3, we infer 
~~y(x,s)z=(~(V,y))2~s(u.U)idR(U), =S, 
~Y@Y=(;IIYII~) jjmW4. 
If G has constant diagonal then this implies that Y is a spherical design of index 2, and 
a spherical a-design if the vectors of Y add up to zero. If the diagonal of G is not 
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constant, but consists of p distinct numbers, say, then Y is a Euclidean design of index 
2, subject to the same regularity condition as the spherical design, but with its vectors 
distributed over p concentric spheres. 
A slight generalization is obtained by consideration of the weighted set 
(Z, w): Z c R”, IZI=n, w: Z-R+, 
subject to the condition 
or 
in agreement with the condition for Euclidean designs of index 2. By substitution one 
finds that 
Y:= {z&: ZEZ) 
is proportional to a eutactic star, hence that Z is the projection of an orthogonal 
frame [ 181. 
(2) A Euclidean t-design is a finite set Y c R”, subject to either one of the following 
equivalent conditions, for k = 1,. . . , t: 
For y=ru, aEPol,(RS) , this last formula is equivalent to (4) of Section 4: 
C a(y)= s aW+W, dAy) = w( Yn rW44 Yey RS 
It is interesting to interpret this last formula via 
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with 2e < t, as an equality of inner products: 
hence as an isometry of Pol,( r) and Pol,(RS) . For the dimensions of these spaces this 
implies 
2p-1 
( YI adimPol,(RS)= c dimHom,_i(R”), 
i=O 
and we obtain the Fisher-type inequality [6], 
,y,82qm+;y). 
i=O 
For p = 1, and for p > f(e+ 1)) this reads 
, Y,,( ---;e)+( “,‘:‘), I Yl>( m;e), 
respectively. 
Remark. It would be interesting to know under which conditions the analogous 
inequalities for t-wise balanced designs Y hold (see last Section of [6] ). 
(3) From now on the notation RS c 52” covers not only the unit sphere S, and the 
union of finitely many concentric spheres, but any union of concentric spheres (f.i. the 
unit ball and the whole IWm) : 
UroRrS, rS={y~Fl”: (y,y)=?), P-ER s R+. 
A measure of strength t on RS is a measure r such that any of the following 
equivalent conditions holds for all p=‘&=opk~P~lt(RS), p,EHomk([Wm): 
s s pdl= pdtoy, VyWm); RS RS 
I s Pd5= pd5; c= s Coy@; RS RS O(N 
s P&)ddX), pk= RS s RS IIyIlkd5bh 
(3’) 
(3”) 
(3”‘) 
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The equivalence (3’) 9 (3”) is obvious, for the O(m)-invariant measure L!$ The 
equivalence with (3”‘) follows from 
s PdY-lY/llY ~I)@‘= i pk PdX)ddX). ow s k=O S 
So a Euclidean t-design is a measure of strength t having finite support, and a spheri- 
cal t-design has finite support on the unit sphere with equal weights. 
We now mention a theorem by Kiefer [13] (see also [ 191, which is basic for optimal 
statistical designs. For any measure < on RS we consider Pol,(RS) with the inner 
product 
(f, g ><:= s f(My)dt(v), f; g~PoLW)> RS 
and denote by VolX@ the volume of the unit sphere in PoldRS) . Then define the 
measure 5 to be optimal of degree e, whenever Vole(t) is minimal over all 5 on RS. 
Kiefer’s Theorem says that all optimal { on Pol,(RS) have the same inner product 
(. , . ), are rotatable, and are equivalent to the invariant measure 
F= s toy@. O(m) 
Here a measure < is rotatable of degree e whenever it has strength 2e. This definition 
is equivalent to the original one, used in the statistical literature. 
The invariant measure g is determined by its moments 
P2i= r2’dp(r), 
where p(r) is a normalized symmetric measure on R. This is solved by the (e + 1) -point 
Gauss-Christoffel quadrature formula, on the zeros of the orthogonal polynomial of 
degree e + 1 associated with dp, and the corresponding Christoffel numbers. Thus, for 
the invariant design F of degree e, the inner product on Pol,(RS) may be taken as 
restricted to at most i(e + 1) concentric spheres (the origin counted as half a sphere) 
with uniquely determined radii. 
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